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 Hpenx}gZnhbp$ce~xUtvZ|ZcrHpe{ghltYcry]ZawhbtvYcFhltp|¦­z#Z®abUXcryvy]dXawZ®c «NceyYcr ¬ y¤hlZnhbUXcrhu~peY@{dghlZa
hlUZ¯akhxcFhbZ®ZawhbtvYcFhlpen9pedghuprhk#p$ytvZcenZ5°dXcFhltp|XaU:´hbUZ7abj£awhbZY
}gj£XcrY@t~Z5°|dcFhbtvpe crX} hbUZ
Y@Z5ceabdnbZY@Zh#Z5°dXcFhltp|¦¥LTVUZabZ]hk¢p@Z5°|dcFhbtvpea#cenbZtvhbnlp£}dX~"Z5}tv9hbUZNZf£hhk¢p@awZ5~-hltp|Xa¥
TVUnlpedXeUp|dghhbUZ5awZawZ5~-hbtvpea¢ZawUXceyycealawdY@ZhlUXcFhzhlUZ{nlpg~"Z5aba {X(t), t ≥ 0} tvait¨Z5°|dXtyvtnltvdY cFhhltY@Z
t = 0
­XXcrY@Zyvje­
X(0) ∼ N(0, ρ) <;abZZ~peY@Y@ZhzcFÝhlZn#<;Q>'>"¥
 
	 

	
µXnbp|Y <;Q>#¢Zp|ghlcet
X(t) = e−µ(t−s)X(s) +
√
2λ
∫ t
s
e−µ(t−u)
}
B(u)
Ep|n
0 ≤ s ≤ t ­£Enbp|Y Ut~xU9t¤hEp|yyvpFza#hbUXcrh
ξn+1 = γ ξn + wn, n = 0, 1, . . .
<;Q>
thbU
ξn := X(nS)
­
γ := exp(−µS) crX}
wn :=
√
2λ
∫ (n+1)S
nS
e−µ((n+1)S−u) dB(u).
TVUXZ^ K  a {wn, n = 0, 1, . . .} crnlZ]tÙ¥ tO¥ }¥othbU
wn ∼ N(0, Q), n = 0, 1, . . .
< J >
<OawZZZe¥ X¥ H ­{¦¥[ &I >RthbU
Q
etveZ9£j
Q = 2λ 
[
∫ (n+1)S
nS
e−µ((n+1)S−u) dB(u)
]2
= 2λ
∫ (n+1)S
nS
e−2µ((n+1)S−u) du
= ρ (1− γ2).
iprhltv~Z²hlUXcFh
ξn ∼ N(0, L), n = 0, 1, . . .
<  >
thbU
L := ρ
­dX}gZnVhbUZc|ababdY@{ghltp|hlUXcFh
X(0) = ξ0 ∼ N(0, ρ)
­Ut~xUtvY@{ytvZaEnbp|Y <E">¢hbUXcrh
~pF
(ξn, ξn+1) = γρ, n = 0, 1, . . . .
<  >
GL°dXcrhbtvpe <E">@ZawhlceyvtvabUZac7abtvY {XyZ¨p|Z"penx}gZn@nlZ~dnlabtveZuZ"fg{nlZalawtvpenbZyvcrhbtv®hbUZakhxcFhbZ¨pe
hlUZyvtY@thbtv'{nlpg~"Z5aba {X(t), t ≥ 0} Zhk¢ZZuhk#p'~"peawZ5~"dghlt|ZN{p|yyvtX'takhxcrhla¥ ?®ZabUXcryvy¿XZ"f£h}Znlt|Z'hbUXZ9~penlnbZ5aw{4peX}t¨Y@Z5ceabdnbZY@Zh }gtal~"nlZ"hbZOhltY@ZZ°dXcFhltp|¦­LUt~xU´tvyyceyyvpF/dXahbpdXawZ
awhlceX}cenl}pe{ghltYcry¿ZawhbtvY@crhbtvpehbZ5~xUt°|dXZa¥
ÖEàV¦ÖÝÐ
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¿Z"h
ζi(n)
4ZhbUZ t}gtv~cFhlpen²EdX~-hltp|³hlUXcFh]nbZ5~"ZtveZn
i = 1, 2, . . . , NT (nS)
UXcea]abZh]ce± 
 «/cFh
hlUZ
n
ÙhbU7{4peyvytv³tvXawhlce|h5­thbU
ζi(n) = 1
t¤zce´± 
 « VceaabZh£jnbZ5~"ZtveZn
i
ceX}
ζi(n) = 0pehbUZnbtabZe¥µXnbp|Y*hbUXZ}gZ ¬ t¤hltp|7prVhbUXZY pg}gZyRthtaawZZ¯hlUXcFh5­~peX}gthbtvpeXZ}®pe
NT (nS) = k
­
ζ1(n), . . . , ζk(n)
crnlZtÙ¥ tÙ¥ }¦¥§#ZnlpedyvyvtB^ K  a]t¤hlU  [ζi(n)] = p∗ ¥TVUZ ~peX}t¤hltp|XcryZ"fg{4Z~-hxcFhltp|ceX}9FcrnltvceX~"ZprhbUXZNdXY4ZnzpeB± 
 «Na ∑NT (nS)
i=1 ζ
i(n)
nbZ5~"ZtveZ5}£jhbUZabpedXnl~ZcrhhbtvY@Z
nS
cenbZ
hlUZunlZab{Z5~-hlt|ZyvjetveZ9£j



NT (nS)
∑
i=1
ζi(n) |NT (nS)

 = NT (nS) p
∗ <  >
K crn


NT (nS)
∑
i=1
ζi(n) |NT (nS)

 = NT (nS) p
∗(1− p∗).
<;;>
?®Z}gZ ¬ ZNpednXpenlY@ceytv¡Z5}'Y@Zc|awdXnbZY ZhVZ5°dXcFhltp|9c|a
YT (n) =
∑NT (nS)
i=1 ζ
i(n)− p∗ρT√
T
, n = 0, 1, . . . .
<k[5;>
UXtv~xUu~ce4ZNnbZnbthwhlZ¨cea
YT (n) = p
∗ ZT (nS) + VT (n)
<k[|[&>
thbU9hlUZNUZyv{upr <O >"­thbU
VT (n) :=
∑NT (nS)
i=1 ζ
i(n)−NT (nS)p∗√
T
.
<w[5 >
TVUXZZfhNawhbZ{tvaihbp9yvZ"h
T → ∞ t <k[|[&>-¥  htva]abUpF³tv³hbUXZ±z{X{ZX}gtf³hbUXcrh²hlUZnlZZfgtvawh²tÙ¥ tÙ¥ }¥^ K  a {vn, n = 0, 1, . . .} t¤hlU
vn ∼ N(0, R), n = 0, 1, . . .
<k[Q>
thbU
R := ρ p∗ (1− p∗) ­£tvX}gZ{ZX}gZh#pr {wn, n = 0, 1, . . .} ­£abdX~xUhbUcFh {vk, k = n, n+1, . . .} tatvX}gZ{ZX}gZ|h]pr {ξk, k = 0, 1, . . . , n} Epen n = 0, 1, . . . ­=crX}¨abdX~xU9hbUXcrh YT (n) ¢Z5c £yj9~"p||ZnleZ5ac|a
T →∞ hbpc@^ K yn thbU9hbUZNnlZ{XnbZ5awZ|hxcFhltp|
yn = p
∗ξn + vn, n = 0, 1, . . . .
<k[Q>
TVUXZ]{Xnbp|{ZnwhltZ5aVZFqkpFj|Z}j'hbUZ^ K  a
vn
hlpe|Z"hbUXZnVt¤hlU=<  >"­ <  >VcrX} <k[Q>¢nlZce}tyvj'tvY {XyjhbUXcrh
yn ∼ N(0,M)
<k[ J >
thbUuFcrnltcrX~Z
M := ρ p∗
­XceX}
~"pF
(yn, yn+1) = γρ (p
∗)2
<w[  >
Ep|n
n = 0, 1, . . .
¥
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GR°|dcFhbtvpea <EQ>VceX}<k[Q>¢nbZ{nlZabZhVhbUZNZ5°|dcFhbtvpeaVproc }tval~"nlZ"hlZ²hltY@ZyvtvZcen ¬ y¤hlZn5­£EpenzUXtv~xU9¢Z
~cr¨~"p|Y@{dghbZhlUZp|{ghbtvYcry¿Z5akhltYcrhbpen5¥RTVUnlpedXeUp|dghz¢ZabUXceyy¿c|ababdY@ZhbUcFhhbUXZ   crdXalabtvce9tvthbtcry
~peX}t¤hltp|
ξ0
­|hlUZawtveXceyXpetawZawZ5°dZX~Z {wn}n cr}@hbUZp|XawZnbFcrhbtvpep|tvabZ²abZ°dZX~"Z {vn}n crnlZceyyYdghbdcryvyjtX}Z{4ZX}gZh¥
¿Z"h
ξ̂n
Z9cr7ZawhbtvYcFhlpenpe
ξn
­ocrX} }gZpehbZ'£j
εn = ξn − ξ̂n
hlUZZ5akhltYcFhltp|7Znlnbp|n¥¨TVUZ
Z5akhltYcrhbpenVhlUXcFh²Y tvtvY@t¡ZahlUZY@Zce³ab°dXcenbZpehlUZZ5akhltYcFhltp|uZnlnbp|ntvaietveZu£j'hlUZNEp|yyvpFtX
«NceyYce ¬ yhbZn(<;abZZZe¥ X¥ H [ J ­g{¦¥Rr &I >-­£Ut~xUuUXcea#hlUZEpeyvypFtv@awtvY@{yvZNnbZ5~"dnxawtveZ]akhlnbd~-hbdXnbZ;:
Pn =
(
(
γ2Pn−1 +Q
)−1
+ (p∗)
2
/R
)−1 <w[ >
Kn = Pnp
∗/R
<k[  >
ξ̂n = γξ̂n−1 +Kn
(
yn − p∗
(
γξ̂n−1
)) <w[;>
Ep|n
n = 1, 2, . . .
­Vt¤hlU
ξ̂0 =  [ξ0] = 0 crX}ÞUZnbZuhlUZ~peXawhlce|hxa γ ­ R crX} Q UXcª|Z¨ZZ}Z ¬ Z5}³tv 9 Z~-hltp|Xa]¥v[ ceX}X¥ ¥ GR°|dcFhbtvpe <k[ >itva~ceyyvZ}³hbUZ@^t~~cFhbtBZ5°|dcFhbtvpe®crX}
Pn
etveZa
hlUZFcenbtcrX~ZprohlUZ ZawhbtvY@crhbtvpe³Znbnlpen
εn
¥   <w[  >
Kn
ta²~cryvyZ5}uhbUZ ¬ yhbZn]|cet¿¥AGL°dXcrhbtvpe <w[;>
taVhlUZawhlcFhlZNZawhbtvYcFhbZZ°dXcFhltp|¨crX}9thitvazhbUZabdY prLcruZfhlnlce{p|yvcrhbtvpehbZnbY crX}upeBce¨d{4}XcFhbZ
hlZnlYu¥
TVUZcr4pFeZ ¬ y¤hlZnY tvtvY@t¡Za@hlUZabdY pe]Y@Zce ab°dXcenbZuZawhbtvYcFhltp|$Znbnlpenxa dhbtvyzhltY@Z
nS
¥
²XZ~crucryawp <OcrX}tyvyEnlpeYXpF pe>#dXawZ]hlUZakhxcFhltp|XcrnljeZnlabtp|pehlUZ«NcryvYcr ¬ y¤hlZn5­Ut~xU
Y@tvtvY tv¡Z5aVhbUXZhbtvY Zcª|Znxcr|ZzY@Zcr¨al°dXcrnlZ²Z5akhltYcrhbtvpe9Znlnbp|n­£XceY Zyj|­
P =
(
(
γ2 P +Q
)−1
+ (p∗)
2
/R
)−1
K = Pp∗/R
ξ̂n = γξ̂n−1 +K
(
yn − p∗
(
γξ̂n−1
))
.
<Ùr;>
P
pF etveZ5aVhbUXZakhlZc|}gjawhlcrhbZNFcrnltvceX~"ZNpeBhbUZZ5akhltYcrhbtvpe¨Znlnlpen5¥  hitazp|ghlcetZ5}¨ceaVhlUZdXtv°dZ
{4p|abthbtveZNawp|ydhbtvpe9pr¿hlUZ^t~~cFhbt¿Z°dXcFhltp|
(p∗)2 γ2P 2 + (Q (p∗)2 +R
(
1− γ2
)
)P −RQ = 0.
?®Z ¬ X}
P =
−Q (p∗)2 − R
(
1− γ2
)
+
√
(Q (p∗)2 +R (1− γ2))2 + 4(p∗)2γ2RQ
2 (p∗)
2
γ2
.
µXpenBZ|Znlj
n
­FhbUZ#Znlnlpen
εn
tvaoc²penlYcry£^ K thbU Y Z5cr¡ZnlpcrX}ªcenbtcr~"Z
P
­rEdnwhlUZnBtvX}gZ{ZX}gZh
pe¿hlUZNpeXabZnlFcFhltp|
yn
H [ ­{¦¥Rr|IÙ¥
ÖEàV¦ÖÝÐ
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?®ZpF nlZ"hbdXnb9hbpp|dnzp|nbtvetvXcryZ5akhltYcrhbtvpeu{nlpeyvZYu­XcrY@Zyvje­ghlUZ}gZnbtvFcFhltp|9peLcruZawhbtvYcFhbZ 
~cryvyZ5}
N̂n
Ep|nVhbUZN£dYZnpr{crnbhbt~"tv{Xcrhla
NT (nS)
cFhVhbtvY@Z
nS
¥
^Z5~ceyy]hbUcFhuhbUZ¯{nlpg~"Z5aba {NT (t), t ≥ 0} }gZ5ab~nbtv4ZahbUZ¯£dYZn9pedXabj abZnleZnlat cr
M/M/∞ °dZdZ9t¤hlUcrnlnltFcry¢nlcrhbZ λT crX}awZnb£t~"Z'nxcFhlZ µ ¥   NT (0) = 0 ­ocrY@Zyvj¯hbUZuabj£awhlZY*taNtvthbtcryvyj³ZY@{ghkje­hlUZ¯#ZXpF £jTc
	e~a H [  ­TVUY [|­¦{{¦¥v[  Fx[  [UIhlUXcFh  [NT (t)] =
ρT (1− e−µt) Epenzce£jhbtvY@Z t ¥  9{crnbhbt~"dycrn5­  [NT (t)] = ρT tv9awhbZ5ce}gjáakhxcFhbZ
<;tO¥ Ze¥Lc|a t→∞ >-¥supehbtvFcFhbZ5}9j <O >"­#Z}Z ¬ Z
N̂n
c|a#EpeyvypFzaD:
N̂n = ξ̂n
√
T + ρT
<O[&>
thbU
ξ̂n
|t|Zutv <OrQ>-¥ 9 hlcenwhltXEnbp|Y  [ξ̂0] = 0 thitaiabZZuEnbp|Y <Oe;>VceX}=<k[Q>¢hbUcFh  [ξ̂n] = 0Ep|n
n = 0, 1, . . .
­BUt~xU¯t¯hldnl7tY@{yvtZ5aNEnlpeY <Og[2>²hbUXcrh  [N̂n] = ρT ¥9TVUZ'Z5akhltYcFhlpen N̂n tvac|awj£Y@{ghlprhbt~ceyyvjd£tceabZ}t9hlUZawZXabZ²hlUXcFh
∣
∣
∣

[
N̂n −NT (nS)
]∣
∣
∣
la = e−µnS −→
n
0.
?®Z¢~peX~ydX}ZohbUtaawZ5~-hbtvpeN£j]nltZ-Xj]}tval~"dXalabtzhbUZLFcenbtcrX~ZLpr£hlUZRZnbnlpen
en := NT (nS)−N̂nc|acEdX~-hltp|upr¿hlUZN{XcenlceY ZhbZn
T
¥?®ZNUXcª|ZC<;dXabZC<Ù >6>
en =
√
T (zT (nS)− ξn)
­abphbUXcrh
K cen ( en√
T
)
=
K cen
(zT (nS)− ξn).
±iy¤hlUpedXeU9¢ZUXcª|Z²pehzZZ¨crXyZ]hbp@{nlpFeZ²hbUXtvaVnlZabdyh­g#Z]4ZyvtvZeZhlUXcFh K cen (
en/
√
T
)
→ P cea
T →∞ ¥
   +9"	B"
²dniZawhbtvY@crhbp|nzUXceaV4ZZ³}gZnltveZ}9d}gZnicabZ"h²prBªcenbtvpedaakhxcFhbtawhbt~crycealawdY@{ghltp|XaVhlUXcFhiYcªj
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 [f(VT (n)) g(ZT (nS))] =  [f(vn) g(ξn)]
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(ξn, vn)
c|a
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f(x) = exp(it1x)
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g(x) = exp(it2x)
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yn = p
∗ ξn + vn
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(b) Pareto inter-arrivals (shape 1.1), exponential on-times
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